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Abstract
Extending the ‘walks’ of van Lint and Wilson, we introduce a new kind of weighted lattice paths and show that the number of
lattice paths with weight + m − 1(0m− 1) equals the number of n-colour compositions of . Two new binomial identities
with their combinatorial meaning are also obtained.
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1. Introduction, deﬁnitions and the main result
In the classical theory of partitions compositions were ﬁrst deﬁned by MacMahon [3] as ordered partitions. For
example, there are three partitions and four compositions of 3. The partitions are 3, 21, 13 and the compositions are
3, 21, 12, 13. In the sequel we shall denote the number of compositions of n by c(n). Analogous to this deﬁnition
of compositions, the second author [1] deﬁned n-colour compositions. First we recall the deﬁnition of an n-colour
partition.
Deﬁnition 1 (Agarwal and Andrews [2]). An n-colour partition (or, a partition with ‘n copies of n’) is a partition in
which a part of size n, n1 can come in n different colours denoted by subscripts: n1, n2, . . . , nn and parts satisfy the
order
11 < 21 < 22 < 31 < 32 < 33 < 41 < 42 < 43 < 44 < 51 < 52 · · · .
For example, there are six n-colour partitions of 3, viz., 31, 32, 33, 21 + 11, 22 + 11, 11 + 11 + 11.
Deﬁnition 2 (Agarwal [1]). An n-colour ordered partition is called an n-colour composition. For example, there are
eight n-colour compositions of 3, viz., 31, 32, 33, 22 + 11, 11 + 22, 21 + 11, 11 + 21, 11 + 11 + 11. In the sequel we
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shall denote the number of n-colour compositions of  by C. It was proved in [1] that
C =
∑
m=1
(
+ m − 1
2m − 1
)
, (1.1)
and
C1 = 1, C2 = 3, C = 3C−1 − C−2, for > 2. (1.2)
It was also observed in [1] that the numbers C are the even-indexed bisection of the Fibonacci sequence, that is,
C = F2.
MacMahon also deﬁned self-inverse compositions. By a self-inverse composition he meant a composition in which
parts read from left to right are identical with when read from right to left. The authors in [4] extended this deﬁnition
of self-inverse compositions to n-colour self-inverse compositions.
Deﬁnition 3 (Narang and Agarwal [4]). An n-colour composition whose parts read from left to right are identical
with when read from right to left is called an n-colour self-inverse composition. Thus, for example, there are 11n-colour
self-inverse compositions of 5 viz.,
51, 52, 53, 54, 55,
113111, 113211, 113311,
211121, 221122,
1111111111.
It was proved in [4] that if a (0) denotes the number of n-colour self-inverse compositions of 2+ 1. Then
a0 = 1, a1 = 4 and a = 3a−1 − a−2, 2, (1.3)
and
a = (2+ 1) +
+1∑
m=2
∑
l=1
(2l − 1)
(
+ m − l − 1
2m − 3
)
. (1.4)
It was mentioned in [4] that the numbers a are the odd-indexed bisection of the Lucas sequence, that is, a = L2+1.
Lattice paths: We shall be considering lattice paths of ﬁnite length in the ﬁrst quadrant. All our paths will begin from
the origin. Only three moves are allowed at each step:
R (north-east): (x, y) → (x + 1, y + 1) (allowed only in the beginning of the path),
S (horizontal): (x, y) → (x + 1, y),
Ta (vertical): (x, y) → (x, y + a), where a1, an integer.
In describing lattice paths, we shall use the following terminology:
Plain: A section of path consisting of only horizontal steps S.
Tower: A section of path consisting of only vertical steps Ta . A tower is generated in the following manner:
(Ta1 T1T1 . . . T1︸ ︷︷ ︸
l1
)(Ta2 T1T1 . . . T1︸ ︷︷ ︸
l2
) . . . (Tar T1T1 . . . T1︸ ︷︷ ︸
lr
),
where r1, a11, ai > 1 for i2, li (1 ir)0.
Beam: A part of the tower of the form (Tai T1T1 . . . T1︸ ︷︷ ︸
li
).
Every tower has at least one beam and may have more than one.
Destination: The end point of the path.
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Fig. 1.
Weight of a path: The weight of a path is n if the destination lies on the line x + y = n.
Example. The path shown in Fig. 1 has three planes, two towers and three beams. The destination of the path is (5,5)
and the weight of the path is 10.
Remark. Our lattice paths without ‘R’ steps have been studied by van Lint and Wilson [6] under the name ‘walks’.
In our next section we shall prove the following result:
Theorem 1. For 2, let B denote the number of lattice paths taking ﬁrst ‘m’ (0m− 1) R steps followed by S
or Ta steps such that the destination of the path lies on the line x + y = + m − 1. Then B = C, for all 1, where
B1 = 1, the lone lattice path enumerated by B1 consists of origin only.
Remark. The number of lattice paths enumerated by B+1 without R steps was denoted by A in [5].
The following was proved in [5].
Theorem (). For 2, A−1 equals the number of n-colour compositions of  without 11 on the left(right) extreme.
It was also proved that A satisfy the following:
A1 = 2, A2 = 5 and A = 3A−1 − A−2 for > 2, (1.5)
and
A = 1 +
−1∑
l=0
−l∑
m=1
(
− l − 1
m − 1
)(
l + m
l
)
. (1.6)
Since (1.5) is also satisﬁed by F2n+1, where the Fibonacci numbers Fn are deﬁned as
F0 = 0, F1 = 1 and Fn = Fn−1 + Fn−2, for n2, (1.7)
it was observed in [5] that A equals F2+1.
In our Section 3 we establish a bijection between the lattice paths enumerated by B and the n-colour compositions
enumerated by C.
In the last section we obtain two new binomial identities.
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2. Proof of Theorem 1
First, we shall prove the following:
B = +
−2∑
m=0
−m−2∑
l=0
−l−m−1∑
k=1
(
− l − m − 2
k − 1
)(
l + k
l
)
. (2.1)
As 0m− 1, we consider the following three cases:
Case (i): When m = − 1, there is only one relevant lattice path consisting of (− 1) number of R steps.
Case (ii): When m = 0, B = A−1.
Case (iii): When 1m− 2, a relevant lattice path will be consisting of m number of R steps and three sub-cases
arise, viz.,
(a) all other steps are S or
(b) all other steps are Ta , or
(c) there are S steps as well as Ta steps.
In sub-case (a), there is one relevant path viz; the path which contains  − m − 1 number of S steps. In sub-case (b),
the number of relevant paths is the number of compositions of − m − 1, that is c(− m − 1). In sub-case (c), let the
number of S steps be l, 1 l−m− 2 and the number of T steps be k, 1k−m− l − 1. Since the number of T
steps can be k in c(−m− l − 1, k) ways where c(−m− l − 1, k) is the number of compositions of (−m− l − 1)
into k parts which is equal to
(
− l − m − 2
k − 1
)
. So the number of relevant lattice paths in sub-case (c) is equal to
∑−m−2
l=1
∑−l−m−1
k=1
(
− l − m − 2
k − 1
)(
l + k
l
)
. Combining all subcases for case (iii) the number of relevant lattice
paths is equal to
1 + c(− m − 1) +
−m−2∑
l−1
−l−m−1∑
k=1
(
− l − m − 2
k − 1
)(
l + k
l
)
= 1 +
−m−1∑
k=1
(
− m − 2
k − 1
)
+
−m−2∑
l=1
−l−m−1∑
k=1
(
− l − m − 2
k − 1
)(
l + k
l
)
= 1 +
−m−2∑
l=0
−l−m−1∑
k=1
(
− l − m − 2
k − 1
)(
l + k
l
)
.
Combining all three cases for different values of m, we get
B = 1 + A−1 +
−2∑
m=1
{
1 +
−m−2∑
l=0
−l−m−1∑
k=1
(
− l − m − 2
k − 1
)(
l + k
l
)}
= 1 +
{
1 +
−2∑
l=0
−l−1∑
m=1
(
− l − 2
m − 1
)(
l + m
l
)}
+ (− 2)
+
−2∑
m=1
−m−2∑
l=0
−l−m−1∑
k=1
(
− l − m − 2
k − 1
)(
l + k
l
)
= +
−2∑
m=0
−m−2∑
l=0
−l−m−1∑
k=1
(
− l − m − 2
k − 1
)(
l + k
l
)
.
This proves (2.1).
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(2.1) can be written as
B = +
−2∑
l=0
−l−1∑
k=1
(
− l − 2
k − 1
)(
l + k
l
)
+
−2∑
m=1
−m−2∑
l=0
−l−m−1∑
k=1
(
− l − m − 2
k − 1
)(
l + k
l
)
= + (A−1 − 1) +
−3∑
m=0
−m−3∑
l=0
−l−m−2∑
k=1
(
− l − m − 3
k − 1
)(
l + k
l
)
(by(1.6))
= A−1 + B−1
or A−1 = B − B−1. (2.2)
(2.2) together with A1 = 2 and B2 = 3 yields
B = 1 +
−1∑
i=1
Ai . (2.3)
(2.3) in view of (1.5) yields the recurrence
B = 3B−1 − B−2 for > 2. (2.4)
Since B1 = 1 and B2 = 3, Theorem 1 follows by comparing (2.4) with (1.2). This completes the proof of
Theorem 1. 
3. Graphical representation of n-colour compositions
We ﬁrst establish a bijection between the lattice paths enumerated by A−1 and n-colour compositions of  without
11 on the left extreme. Thereafter, we shall extend this bijection to cover all lattice paths enumerated by B and all
n-colour compositions enumerated by C. This will lead to a graphical representation of an n-colour composition of 
in terms of a lattice path enumerated by B.
Now to establish a bijection between the lattice paths enumerated by A−1 on the one hand and the n-colour
compositions of  without 11 on the left extreme on the other, we map each plane and each beam of the lattice path to
a single part of the n-colour composition. Let P kii denote the ith plane of the length ki and Bj denote the j th beam.
We consider the following two cases:
(i) when the path begins with a horizontal step, and
(ii) when the path begins with a vertical step.
Case (i): In this case the mapping  is given by
(P k11 ) = (k1 + 1)1, (3.1)
(P kii ) = (ki)1 if i > 1, and (3.2)
(Bj ) =
{
(aj + lj )lj+1 if Bj is preceded by a plane,
(aj + lj )lj+2 if Bj is preceded by a beam.
(3.3)
Case (ii): In this case the map  is given by
(B1) = (a1 + l1 + 1)l1+2, (3.4)
for j > 1,(Bj ) is given by (3.3), and
(P kii ) = (ki)1, i1. (3.5)
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Table 1
Lattice paths enumerated by A2 Images under 
SS
31
ST
1
2111
T1S  
2211
T
2
32
T1T1
33
It can be easily seen that the inverse mapping −1 is given by
−1((a1)b1) =
⎧⎪⎨
⎪⎩
SS . . . S︸ ︷︷ ︸
(a1−1)
if b1 = 1,
Ta1−b1+1 T1T1 . . . T1︸ ︷︷ ︸
b1−2
if b1 > 1,
(3.6)
and for j > 1
−1((aj )bj ) =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
Taj if b1 = 1and −1((aj−1)bj−1) is a plane,
SS . . . S︸ ︷︷ ︸
aj
if b1 = 1 and −1((aj−1)bj−1) is a beam,
Taj−bj+1 T1T1 . . . T1︸ ︷︷ ︸
bj−1
if bj > 1 and −1((aj−1)bj−1) is a plane,
Taj−bj+2 T1T1 . . . T1︸ ︷︷ ︸
bj−2
if bj > 1 and −1((aj−1)bj−1) is a beam.
(3.7)
To illustrate the bijection we have constructed we give the example for = 3 shown in Table 1.
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Table 2
Lattice paths enumerated by B3 with R steps Images under 
RR
111111
RS
 
1121
RT1 
1122
The above bijection provides a combinatorial proof for Theorem () stated in Section 1. We now extend the mapping
 so as to cover all lattice paths enumerated by B and all n-colour compositions of . A lattice path enumerated by
B consists of ﬁrst ‘m’ (0m − 1) R steps followed by S or Ta steps such that the destination lies on the line
x + y = + m − 1. Extending the mapping  we deﬁne a new mapping  between the lattice paths enumerated by B
on the one hand and the n-colour compositions of  on the other as follows :
For m = 0, = . (3.8)
For m> 1, from (0,0) to (m,m)  is deﬁned by
(RR . . . R︸ ︷︷ ︸
m
) →
⎧⎪⎨
⎪⎩
1111 . . . 11︸ ︷︷ ︸
m+1
if m = − 1,
1111 . . . 11︸ ︷︷ ︸
m
if m< − 1, (3.9)
and from (m,m) to the destination,  is given by
= . (3.10)
For the portion (0,0) to (m,m) the inverse mapping −1 is given by
−1(1111 . . . 11︸ ︷︷ ︸
m
) →
⎧⎪⎨
⎪⎩
RR . . . R︸ ︷︷ ︸
m−1
if m = ,
RR . . . R︸ ︷︷ ︸
m
if m< . (3.11)
We see that  is the required mapping. To illustrate the mapping  we consider the example for  = 3 shown in
Table 2 in addition to what was shown in Table 1.
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4. New binomial identities
The following binomial identity follows as a corollary to Theorem 1:
For 1,
+
−2∑
m=0
−m−2∑
l=0
−l−m−1∑
k=1
(
− l − m − 2
k − 1
)(
l + k
l
)
=
∑
m=1
(
+ m − 1
2m − 1
)
. (4.1)
Remark 1. We regard Theorem 1 as the combinatorial interpretation of (4.1).
Remark 2. One of the referees has pointed out about the possible connection of (4.1) with Morgan–Voyace polyno-
mials. This possibility will be explored in our future work.
We state the other binomial identity in the form of the following theorem:
Theorem 2. For 0,
−1∑
l=0
−l∑
m=1
(
− l − 1
m − 1
)(
l + m
l
)
+ 2
−2∑
m=0
−m−2∑
l=0
−l−m−1∑
k=1
(
− l − m − 2
k − 1
)(
l + k
l
)
=
+1∑
m=2
∑
l=1
(2l − 1)
(
+ m − l − 1
2m − 3
)
. (4.2)
Proof of Theorem 2. Let the sequence {G}∞=0 be deﬁned by
G0 = 1, and G = B + B+1 for 1. (4.3)
(4.3) in view of (2.2) can be written as
G = A + 2B. (4.4)
Using the explicit formulas for A and B in (4.4), we get the following expression for G.
G = (2+ 1) +
−1∑
l=0
−l∑
m=1
(
− l − 1
m − 1
)(
l + m
l
)
+ 2
−2∑
m=0
−m−2∑
l=0
−l−m−1∑
k=1
(
− l − m − 2
k − 1
)(
l + k
l
)
. (4.5)
It is easy to see by the deﬁnition of G that it satisﬁes
G0 = 1 G1 = 4 and G = 3G−1 − G−2, > 1. (4.6)
A comparison of (1.3) and (4.6) proves
G = a. (4.7)
(1.4), (4.5) and (4.7) lead to Theorem 2. 
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